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Probabilistic graphical models

Probabilities are at the heart of modern machine learning. Probability theory provides us with a consistent framework for quantifying and manipulating uncertainty,
which is caused by limitations in our ability to observe the world, our ability to model
it, and possibly even because of its innate nondeterminism (Koller and Friedman,
2009). It is, therefore, essential to account for uncertainty when building models of
reality. However, probabilistic models can sometimes be quite complex. Hence, it
is important to have a simple and compact manner of expressing them.
Probabilistic graphical models provide an intuitive way of representing the structure of a probabilistic model, which not only gives us insights about the properties
of the model, such as conditional independencies, but also helps us design new
models. A probabilistic graphical model consists of nodes, which represent random
variables, and edges that express probabilistic relationships between the variables.
Graphical models can be either undirected or directed. In the latter, commonly
known as Bayesian networks (Jensen, 1996), the directionality of the edges is used
to convey causal relationships (Pearl, 2014). This thesis will make extensive use of
directed graphs and a special type of graphs called factor graphs, which generalize
both directed and undirected graphs. Factor graphs are useful for solving inference
problems and enabling efficient computations.

1.1

Bayesian networks

Consider an arbitrary joint distribution p(a, b, c) over the random variables a,
N
b = {bn }N
n=1 and c = {cn }n=1 that we want to model. This joint distribution can
be factorized in various ways. For instance, making use of the chain rule (or product rule) of probability, it can be verified that p(a, b, c) = p(a) p(b|a) p(c|b, a) and
p(a, b, c) = p(c) p(a, b|c) are both equivalently valid factorizations of p(a, b, c). By
linking variables, a probabilistic graphical model specifies how a joint distribution
factorizes. Furthermore, by omitting the links between certain variables, probabilistic graphical models convey a set of conditional independencies, which simplifies the
factorization.
Figure 1 shows an example of a Bayesian network model representing a factorization of the joint distribution p(a, b, c). Notice that, instead of writing out the
N
multiple nodes for {bn }N
n=1 and {cn }n=1 explicitly, a rectangle with the label N was
used to indicate that the structure within it repeats N times. This rectangle is
called a plate. Also, we adopted the convention of using large circles to represent
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Figure 1: Example of a (directed) graphical model.

random variables (a, bn and cn ) and small solid circles to denote deterministic parameters (α, β and π) (Bishop, 2006). Observed variables are identified by shading
their nodes. The unobserved variables, also known as hidden or latent variables, are
indicated using unshaded nodes.
By reading off the dependencies expressed in the probabilistic graphical model
of Figure 1, the joint distribution of the model, given the parameters α, β and π,
factorizes as
p(a, b, c|α, β, π) = p(a|α, β)

N
∏

p(bn |a) p(cn |bn , π).

(1)

n=1

Hence, rather than encoding the probability of every possible assignment to all the
variables in the domain, the joint probability breaks down into a product of smaller
factors, corresponding to conditional probability distributions over a much smaller
space of possibilities, thus leading to a substantially more compact representation
that requires significantly less parameters.
So far we have not discussed the form of the individual factors. It turns out that,
for generative models such as the one in Figure 1, a great way to do so is through
what is called the generative process of the model. Generative models specify how
to randomly generate observable data, such as cn in our example, typically given
some latent variables, such as a and bn . They contrast with discriminative models by
being full probabilistic models of all the variables, whereas discriminative approaches
model only the target variables conditional on the observed ones. A generative
process is then a description of how to sample observations according to the model.
Returning to our previous example of Figure 1, a possible generative process is
as follows:1
1. Draw a|α, β ∼ Beta(a|α, β)
2. For each n
(a) Draw bn |a ∼ Bernoulli(bn |a)
(b) Draw cn |bn , π ∼ Bernoulli(cn |πbn )
Given this generative process, we know that, for example, the variable a follows a
beta distribution with parameters α and β. Similarly, the conditional probability of
cn given bn is a Bernoulli distribution with parameter πbn . Generative processes are
then an excellent way of presenting a generative model, and they complement the
framework of probabilistic graphical models by conveying additional details. Also,
when designing models of reality, it is often useful to think generatively and describe
how the observed data came to be. Hence, we shall make extensive use of generative
processes throughout this thesis for presenting models.
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A familiar reader might recognize this as an example of a mixture model.
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1.2

Factor graphs

Directed and undirected probabilistic graphical models allow a global function of
several variables to be expressed as a product of factors over subsets of those variables. These factors can be, for example, probability distributions, as we saw with
Bayesian networks (see Eq. 1). Factor graphs (Kschischang et al., 2001) differ from
directed and undirected graphical models by introducing additional nodes for explicitly representing the factors, which allows them to represent a wider spectrum
of distributions (Koller and Friedman, 2009). Figure 2 shows an example of a factor
graph over the variables a, b, c and d, where the factors are represented using small
solid squares.
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Figure 2: Example of a factor graph.

Like Bayesian networks, factor graphs encode a joint probability distribution
over a set of variables. However, in factor graphs, the factors do not need to be
probability distributions. For example, the factor graph in Figure 2 encodes the
following factorization of the joint probability distribution over the variables a, b, c
and d
p(a, b, c, d) =

1
f1 (a) f2 (a, b) f3 (a, c) f4 (c, d).
Z

(2)

Notice how the factors are now arbitrary functions of subsets of variables. Hence,
a normalization constant Z is required to guarantee that the joint distribution
p(a, b, c, d) is properly normalized. If the factors correspond to normalized probability distributions, the normalization constant Z can be ignored.
As we shall see later, a great advantage of factor graphs is that they allow the
development of efficient inference algorithms by propagating messages in the graph
(Kschischang et al., 2001; Murphy, 2012) (see Section 2.3).

2

Bayesian inference

Having specified the probabilistic model, the next step is to perform inference. Inference is the procedure that allows us to answer various types of questions about the
data being modeled, by computing the posterior distribution of the latent variables
given the observed ones. For instance, in the example of Figure 1, we would like to
compute the posterior distribution of a and b, given the observations c. Bayesian
inference is a particular method for performing statistical inference, in which Bayes’
rule is used to update the posterior distribution of a certain variable(s) as new
evidence is acquired.
3

Bayesian inference can be exact or approximate. In this thesis we will make
use of both exact inference and approximate inference procedures, namely variational inference (Jordan et al., 1999; Wainwright and Jordan, 2008) and expectation
propagation (EP) (Minka, 2001).

2.1

Exact inference

Without loss of generality, let z = {zm }M
m=1 denote the set of latent variables in a
N
given model, and let x = {xn }n=1 denote the observations. Using Bayes’ rule, the
posterior distribution of z can be computed as
likelihood prior

z }| { z}|{
z }| { p(x, z)
p(x|z) p(z)
p(z|x) =
=
.
p(x)
p(x)
|{z}

posterior

(3)

evidence

The model evidence, or marginal likelihood, can be computed by making use of the
sum rule of probability to give
∑
p(x|z) p(z),
p(x) =
(4)
z

where the summation is replaced by integration in the case that z is continuous
instead of discrete.
At this point, it is important to introduce a broad class of probability distributions called the exponential family (Duda and Hart, 1973; Bernardo and Smith,
2009). A distribution over z with parameters η is a member of the exponential
family if it can be written in the form
p(z|η) =

1
h(z) exp(η T u(z)),
Z(η)

(5)

where η are called the natural parameters, u(z) is a vector of sufficient statistics
and h(z) is a scaling constant, often equal to 1. The normalization constant Z(η),
also called the partition function, ensures that the distribution is normalized.
Many popular distributions belong to the exponential family, such as the Gaussian, exponential, beta, Dirichlet, Bernoulli, multinomial and Poisson (Bernardo
and Smith, 2009). Exponential family members have many interesting properties,
which make them so appealing for modelling random variables. For example, the
exponential family has finite-sized sufficient statistics, which means that the data
can be compressed into a fixed-sized summary without loss of information.
A particularly useful property of exponential family members is that they are
closed under multiplication. This means that if we multiply together two exponential family distributions p(z) and p(z′ ), the product p(z, z′ ) = p(z) p(z′ ) will also be
in the exponential family. This property is closely related to the concept of conjugate
priors. In general, for a given posterior distribution p(z|x), we seek a prior distribution p(z) so that when multiplied by the likelihood p(x|z), the posterior has the
same functional form as the prior. This is called a conjugate prior. For any member
of the exponential family there exists a conjugate prior (Bishop, 2006; Bernardo and
Smith, 2009). For example, the conjugate prior for the parameters of a multinomial
4

distribution is the Dirichlet distribution, while the conjugate prior for the mean of a
Gaussian is another Gaussian. As we shall see, the choice of conjugate priors greatly
simplifies the calculations involved in Bayesian inference. Furthermore, the fact that
the posterior keeps the same functional form as the prior, allows the development
of online learning algorithms, where the posterior is used as the new prior, as new
observations are sequentially acquired.

2.2

Variational inference

Unfortunately, for various models of practical interest, it is infeasible to evaluate
the posterior distribution exactly or to compute expectations with respect to it.
There are several reasons for this. For example, it might be the case where the
dimensionality of the latent space is too high to work with directly, or because the
form of the posterior distribution is so complex that computing expectations is not
analytically tractable, or even because some of the required integrations might not
have closed-form solutions. Consider, for example, the case of the model of Figure 1.
The posterior distribution over the latent variables a and b is given by
∏N
p(bn |a) p(cn |bn , π)
p(a|α, β) n=1
p(a, b, c)
.
p(a, b|c) =
=∫ ∑
(6)
∏N
p(c)
p(b
|a)
p(c
|b
,
π)
p(a|α,
β)
n
n
n
n=1
b
a
The numerator can be easily evaluated for any combination of the latent variables,
but the denominator is intractable to compute. In such cases, where computing the
exact posterior distribution is infeasible, we need to resort to approximate inference
algorithms, which turn the computation of posterior distributions into a tractable
problem, by trading off computation time for accuracy.
We can differentiate between two major classes of approximate inference algorithms, depending on whether they rely on stochastic or deterministic approximations. Stochastic techniques for approximate inference, such as Markov chain
Monte Carlo (MCMC) (Gilks, 2005), rely on sampling and have the property that
given infinite computational resources they can generate exact results. For example,
MCMC methods are based on Monte Carlo approximations, whose main idea is to
use repeated sampling to approximate the desired distribution. MCMC methods iteratively construct a Markov chain of samples, which, at the some point, converges.
At this stage, the sample draws are close to the true posterior distribution and they
can be collected to approximate the required expectations. However, in practice, it
is hard to determine when a chain has converged or “mixed”. Furthermore, the number of samples required for the chain to mix can be very large. As a consequence,
MCMC methods tend to be computationally demanding, which generally restricts
their application to small-scale problems (Bishop, 2006). On the other hand, deterministic methods, such as variational inference and expectation propagation, are
based on analytical approximations to the posterior distribution. Therefore, they
tend to scale better to large-scale inference problems, making them better suited for
the models proposed in this thesis.
Variational inference, or variational Bayes (Jordan et al., 1999; Wainwright and
Jordan, 2008), constructs an approximation to the true posterior distribution p(z|x)
by considering a family of tractable distributions q(z). A tractable family can be
obtained by relaxing some constraints in the true distribution. Then, the inference
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problem is to optimize the parameters of the new distribution so that the approximation becomes as close as possible to the true posterior. This reduces inference to
an optimization problem.
The closeness between the approximate posterior q(z), known as the variational
distribution, and the true posterior p(z|x) can be measured by the Kullback-Leibler
(KL) divergence (MacKay, 2003), which is given by
∫
q(z)
KL(q(z)||p(z|x)) = q(z) log
.
(7)
p(z|x)
z
Notice that the KL divergence is an asymmetric measure. Hence, we could have
chosen the reverse KL divergence, KL(p(z|x)||q(z)), but that would require us to
be able to take expectations with respect to p(z|x). In fact, that would lead to a
different kind of approximation algorithm, called expectation propagation, which
shall be discussed in Section 2.3.
Unfortunately, the KL divergence in (7) cannot be minimized directly. However,
we can find a function that we can minimize, which is equal to it up to an additive
constant, as follows
]
[
q(z)
KL(q(z)||p(z|x)) = Eq log
p(z|x)
= Eq [log q(z)] − Eq [log p(z|x)]
[
]
p(z, x)
= Eq [log q(z)] − Eq log
p(x)
= −(Eq [log p(z, x)] − Eq [log q(z)]) + log p(x) .
(8)
| {z }
|
{z
}
L(q)

const.

The log p(x) term of (8) does not depend on q and thus it can be ignored. Minimizing the KL divergence is then equivalent to maximizing L(q), which is called
the evidence lower bound. The fact that L(q) is a lower bound on the log model
evidence, log p(x), can be emphasized by recalling Jensen’s inequality to notice that,
due to the concavity of the logarithmic function, log E[p(x)] ⩾ E[log p(x)]. Thus,
Jensen’s inequality can be applied to the logarithm of the model evidence to give
∫
log p(x) = log p(z, x)
∫z
q(z)
= log
p(z, x)
z q(z)
]
[
p(z, x)
= log Eq
q(z)
⩾ Eq [log p(z, x)] − Eq [log q(z)] .
(9)
|
{z
}
L(q)

The evidence lower bound L(q) is tight when q(z) ≈ p(z|x), in which case L(q) ≈
log p(x). The goal of variational inference is then to find the parameters of the
variational distribution q(z), known as the variational parameters, that maximize
the evidence lower bound L(q).
The key to make variational inference work is to find a tractable family of approximate distributions q(z) for which the expectations in (9) can be easily computed. The most common choice for q(z) is a fully factorized distribution, such that
6

∏
q(z) = M
m=1 q(zm ). This is called a mean-field approximation. In fact, mean field
theory is by itself a very important topic in statistical physics (Parisi, 1988).
Using a mean-field approximation corresponds to assuming that the latent variables {zi }M
i=1 are independent of each other. Hence, the expectations in (9) become sums of simpler expectations. For example, the term Eq [log q(z)] becomes
∑
Eq [log q(z)] = M
m=1 Eq [log q(zm )]. The evidence lower bound, L(q), can then be
optimized by using a coordinate ascent algorithm that iteratively optimizes the variational parameters of the approximate posterior distribution of each latent variable
q(zm ) in turn, holding the others fixed, until a convergence criterium is met. This
ensures convergence to a local maximum of L(q).

2.3

Expectation propagation

Expectation propagation (EP) (Minka, 2001) is another deterministic method for
approximate inference. It differs from variational inference by considering the reverse
KL divergence KL(p||q) instead of KL(q||p). This gives the approximation different
properties.
Consider an arbitrary probabilistic graphical model encoding a joint probability
M
distribution over observations x = {xn }N
n=1 and latent variables z = {zm }m=1 , so
that it factorizes as a product of factors fi (z)
∏
p(z, x) =
fi (z),
(10)
i

where we omitted the dependence of the factors on the observations for the ease of
exposition and to keep the presentation coherent with the literature (Minka, 2001;
Bishop, 2006; Murphy, 2012). The posterior distribution of the latent variables is
then given by
p(z|x) =

p(z, x)
1 ∏
=
fi (z).
p(x)
p(x) i

(11)

The model
∫ ∏evidence p(x) is obtained by marginalizing over the latent variables, i.e.
p(x) = z i fi (z), where the integral is replaced by a summation in the case that z
is discrete. However, without loss of generality, we shall assume for the rest of this
section that z is continuous.
In expectation propagation, we consider an approximation to the posterior distribution of the form
1 ∏e
fi (z),
(12)
q(z) =
ZEP i
where the normalization constant ZEP is required to ensure that the distribution
integrates to unity. Just as with variational inference, the approximate posterior
q(z) needs to be restricted in some way, in order for the required computations
to be tractable. In particular, we shall assume that the approximate factors fei (z)
belong to the exponential family, so that the product of all the factors is also in the
exponential family and thus can be described by a finite set of sufficient statistics.
As previously mentioned, expectation propagation considers the reverse KL,
KL(p||q). However, minimizing the global KL divergence between the true posterior
7

and the approximation, KL(p(z|x)||q(z)), is generally intractable. Alternatively, one
could consider minimizing the local KL divergences between the different individual
factors, KL(fi (z)||fei (z)), but that would give no guarantees that the product of
∏
∏
all the factors i fei (z) would be a good approximation to i fi (z), and actually,
in practice, it leads to poor approximations (Bishop, 2006). EP uses a tractable
compromise between these two alternatives, where the approximation is made by
optimizing each factor in turn in the context of all the remaining factors.
Let us now see in more detail how the posterior approximation of EP is done.
Suppose we want to refine the factor approximation fej (z), and let p\j (z) and q \j (z)
be the product of all the other factors (exact or approximate) that do not involve j,
∏
∏
i.e. p\j (z) ≜ i̸=j fi (z) and q \j (z) ≜ i̸=j fei (z). This defines the context of a factor.
Ideally, in order to optimize a given factor fej (z), we would like to minimize the KL
divergence KL(p(z|x)||q(z)), which can be written as
)
(
1 e
1
\j
\j
fj (z) p (z)
fj (z) q (z) ,
(13)
KL
p(x)
ZEP
but, as previously mentioned, this is intractable to compute. We can make this
tractable by assuming that the approximations we already made, q \j (z), are a good
approximation for the rest of the distribution, i.e. q \j (z) ≈ p\j (z). This corresponds
to making the approximation of the factor fej (z) in the context of all the other
factors, which ensures that the approximation is most accurate in the regions of high
posterior probability as defined by the remaining factors (Minka, 2001). Of course
the closer the context approximation q \j (z) is to the true context p\j (z), the better
the approximation for the factor fej (z) will be. EP starts by initializing the factors
fei (z) and then iteratively refines each of these factors one at the time, much like the
coordinate ascent algorithm used in variational inference iteratively optimizes the
evidence lower bound with respect to one of the variational parameters.
Let q(z) be the current posterior approximation and let fej (z) be the factor we
wish to refine. The context q \j (z), also known as the cavity distribution, can be
obtained either by explicitly multiplying all the other factors except fej (z) or, more
conveniently, by dividing the current posterior approximation q(z) by fej (z)
q \j (z) =

q(z)
.
fej (z)

(14)

Notice that q \j (z) corresponds to an unnormalized distribution, so that it requires
its own normalization constant Zj in order to be properly normalized. We then
wish to estimate the new approximate distribution q new (z) that minimizes the KL
divergence
(
)
1
\j
new
KL
fj (z) q (z) q (z) .
(15)
Zj
It turns out that, as long as q new (z) is in the exponential family, this KL divergence
can be minimized by setting the expected sufficient statistics of q new (z) to the corresponding moments of Zj−1 fj (z) q \j (z) (Koller and Friedman, 2009; Murphy, 2012),
∫
where the normalization constant is given by Zj = z fj (z) q \j (z). The revised factor
8

can then be computed as
q new (z)
fej (z) = Zj \j
.
q (z)

(16)

In many situations, it is useful to interpret the expectation propagation algorithm as message-passing in a factor graph. This perspective can be obtained by
viewing the approximation fej (z) as the message that factor j sends to the rest of the
network, and the context q \j (z) as the collection of messages that factor j receives.
The algorithm then alternates between computing expected sufficient statistics and
propagating these in the graph, hence the name “expectation propagation”.
By considering the reverse KL divergence, the approximations produced by
EP have rather different properties than those produced by variational inference.
Namely, while the former are “moment matching”, the latter are “mode seeking”.
This is particularly important when the posterior is highly multimodal. Multimodality can be caused by non-identifiability in the latent space or by complex nonlinear
dependencies (Bishop, 2006). When a multimodal distribution is approximated by
a unimodal one using the KL divergence KL(q||p), the resulting approximation will
fit one of the modes. Conversely, if we use the reverse KL divergence, KL(p||q), the
approximation obtained would average across all the modes. Hence, depending on
the practical application at hand, one approach is preferable over the other.

3

Parameter estimation

A probabilistic model usually consists of variables, relationships between variables,
and parameters. Parameters differ from latent variables by being single-valued instead of having a probability distribution over a range of possible values associated.
Section 2 described exact and approximate methods for inferring the posterior distribution of the latent variables given the observed ones. In this section, we will give
an overview of common approaches to find point-estimates for the parameters of a
model, that will be useful for the models proposed in this thesis.

3.1

Maximum likelihood and MAP

Let x = {xn }N
n=1 be a set of observed variables and θ denote the set of model
parameters. The most widely known method for determining the values of θ is
maximum-likelihood estimation (MLE). As the name suggests, it consists of setting
the parameters θ to the values that maximize the likelihood of the observations. For
both computational and numerical stability reasons, it is convenient to maximize
the logarithm of likelihood. The maximum-likelihood estimator is then given by
(
)
(17)
θMLE = arg max log p(x|θ) .
θ

This maximization problem can be easily solved by taking derivatives of log p(x|θ)
w.r.t. θ and equating them to zero in order to obtain a solution.
In many situations, we want to incorporate prior knowledge regarding the parameters θ. This can be done by defining a prior distribution over θ, p(θ). This
can be useful, for instance, for regularization purposes. Suppose θ corresponds to
a vector of weights. We can prevent these to be arbitrarily large, by assigning θ
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a Gaussian prior with a small variance. In fact, as it turns out, this corresponds
to a popular type of regularization called ℓ2 -regularization (see Ng (2004) for an
insightful discussion on different types of regularization).
Given a prior distribution over the parameters, p(θ), the posterior distribution
can be obtained by making use of Bayes’ theorem
p(θ|x) =

p(x|θ) p(θ)
.
p(x)

(18)

Since p(x) is constant w.r.t. θ, we can find a point-estimate for the parameters by
maximizing the logarithm of numerator
(
)
θMAP = arg max log p(x|θ) + log p(θ) .
(19)
θ

This is called a maximum-a-posteriori (MAP) estimate. Notice that, contrarily to
Bayesian inference, where the full posterior distribution is computed, MAP estimation determines a single point-estimate for the parameters θ, which corresponds to
the mode of the posterior distribution.

3.2

Expectation maximization

Many models of practical interest often combine observed variables with latent ones.
Let z = {zm }M
m=1 denote the set of latent variables in the model. Without loss of
generality, we shall assume that z is discrete. However, the discussion would still
apply if z was continuous, simply by replacing the summations over z by integrals.
Ideally, for models with unobserved variables, we would like to find the parameters θ that maximize the (log) marginal likelihood of the data (or model evidence)
given by
∑
(20)
p(x, z|θ).
log p(x|θ) = log
z

Unfortunately, this is generally intractable to maximize directly because of the summation that appears inside the logarithm and prevents it from acting directly on
the joint distribution, which would allow us to exploit the factorization of the latter
to re-write log p(x|θ) as a sum of logarithms of simpler and more tractable terms.
Furthermore, this optimization problem is not convex, which makes it even harder
to solve.
On the other hand, if the latent variables z were observed, then we could simply
find the parameters θ that maximize the complete-data log likelihood, log p(x, z|θ).
Since the latent variables are not observed, we cannot maximize log p(x, z|θ) directly.
However, we can instead maximize its expected value under a current estimate, q(z),
of the posterior distribution, p(z|x, θ), which is given by
∑
(21)
Eq [log p(x, z|θ)] =
q(z) log p(x, z|θ).
z

Using the newly estimated parameters, we can then revise our estimate, q(z), of the
posterior distribution of the latent variables, p(z|x, θ). Iterating between these two
steps gives rise to the expectation-maximization (EM) algorithm (Dempster et al.,
1977).
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The EM algorithm is then a general method for estimating the parameters in
a probabilistic model in the presence of latent variables. It consists of two steps:
the E-step and the M-step. In the E-step, the posterior distribution of the latent
variables q(z) = p(z|x, θ old ) is estimated given some “old” estimate of the parameter
values θ old . In the M-step, we find the “new” parameters θ new that maximize
(∑
)
new
θ
= arg max
q(z) log p(x, z|θ) .
(22)
θ

z

The EM algorithm iterates between these two steps until a convergence criterion is
satisfied. At each iteration, the algorithm guarantees that the log likelihood of the
observed data, log p(x|θ), increases. In order to verify that, let us recall Eq. 8 and
re-write it as
log p(x|θ) = Eq [log p(z, x|θ)] + H(q) + KL(q(z)||p(z|x, θ)),

(23)

where we made the model parameters θ explicit, and defined the entropy of q,
H(q) ≜ −Eq [log q(z)]. Since the KL divergence is always non-negative, we have that
log p(x|θ) ⩾ Eq [log p(z, x|θ)] + H(q).

(24)

Hence, the right-hand side of (24) is a lower-bound on the log marginal likelihood
log p(x|θ). This bound is tight when the KL divergence term vanishes from (23).
The KL divergence KL(q(z)||p(z|x, θ)) is zero when q(z) = p(z|x, θ). Hence, the Estep of the EM algorithm makes this bound tight. When this bound is tight, we have
that log p(x|θ) is equal to Eq [log p(z, x|θ)] up to an additive constant, H(q), which
does not depend on the model parameters θ (see Eq. 24). The expected completedata log likelihood, Eq [log p(z, x|θ)], can then be used as a proxy for optimizing θ,
which corresponds to the M-step of the EM algorithm.
This view of EM as optimizing a lower bound on the (log) marginal likelihood
of the data highlights its close relation with variational inference. In fact, when
the exact posterior over the latent variables, p(z|x, θ), is intractable to compute,
variational inference can be used in the E-step to approximate it. This procedure is
commonly known as variational Bayes EM (VBEM) (Bernardo et al., 2003; Murphy,
2012).
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